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Introduction

Plates are elements of thin-walled and thick-walled structures that are used in
various fields of modern technology and construction of new facilities. Therefore, the
determination of the stress-strain state of these elements is of great practical
importance. At the same time, the solutions of some problems of statics, vibration and
stability of these structures have been known even before a mathematical theory of
elasticity was formulated [1].

A plate is a three-dimensional body where one of the dimensions is much
smaller than the two others, so this body can be considered as two-dimensional with
an important bearing capacity. Finding a solution of boundary-value problems for
plates on the basis of the elasticity theory has significant difficulties, in this regard, a
two-dimensional model is built to calculate this type of structure, which, in turn, takes
into account the stress-strain state and a geometric feature.

In the elasticity theory there are various ways to reduce a three-dimensional
problem to a two-dimensional one. These ways contribute to a significant
simplification of the mathematical problem for which the number of independent
variables is reduced to two ones. The special features of the distribution of stresses and
strains in these bodies (plates, shells) are also taken into account. After reducing this
type of boundary-value problems from three-dimensional to two-dimensional, their
mathematical models are built on the basis of force and kinematic hypotheses [2].

Improved theories of shells and plates have significantly expanded the elasticity
theory application in the engineering field [3,4,5]. In this paper, we will consider the
reduction of a three-dimensional problem to a two-dimensional one using various
versions of the improved theories of plates and shells. Also, the main difference
between this work and the well-known works of the non-classical elasticity theory is
that the coordinate origin is placed not in the plate middle where the Kirchhoff
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hypotheses are applied but starts at zero, which significantly changes the form of
problem solving to a new version.

1. Problem statement

In the Cartesian coordinate system Ox;x,x;, the stressed state of a three-
dimensional body being under the action of surface and volume forces is described by
the following nonlinear equation of motion [6,7,8]

Uij'j"'Xi_PUi:O (1)
where o;; is the stress tensor, U; is the displacement vector, X; are volume forces.

The defining relations between the stress tensor o;; and the finite strain tensor
&;j have the form
0ij = Cijri€kis (2)
and the geometric Cauchy relation between the displacement vector U; and the
components ¢;;
&j = %(Ui,j +U;;)(3)
when the initial conditions

Ui|t=0 = ULOJ Ui|t=0 = ViOZO: (4)
and the boundary ones are met
Uils, = Uf, O'ijnjlz.z =5 (5)

where U are the displacements specified at the boundary parts X = X; + 2,, U?, V?
are the characterizing initial conditions, n; is the outer normal, p is the density, C;j, is
the tensor of physical constants of materials [9,10].

In the above expressions there are operations of tensor analysis where the
indices take the values 1,2,3 [11,12].

For isotropic materials, the following relationships are valid:

Cijrr = 266k + u(8ix i1 + 6u8i ) (6)
where
/1 _ Ev — E

= tezmamn’ H T 20

A, u are the Lame coefficients, E is the elasticity modulus, v is the Poisson ratio.

Thus, for the study of the stress-strain state of thick slabs and flexible plates, we
have a general problem of the nonlinear elasticity theory. Due to the difficulties arising
in solving nonlinear three-dimensional problems (1) - (6), in solid mechanics for the
applied purposes the three-dimensional problems are usually reduced to two-
dimensional ones.

2. Results and discussion
Let the Cartesian coordinate system Ox;x,z [17] be located in the initial plane
of the slab with the constant thickness h and the surface loads Si" at z = x; = 0; h.
We expand the displacement into a power series in z:
U, =A; +zB, + z°C, + z3D; + -+, )

U,=a+zb+z?0+ -, ' 7
where A,,B,,C;,D;, ...,a,b,0, ..., are the unknown functions of coordinates x,, x, and
time t. Hereinafter, the indices have the value 1, 2. In order to simplify further
calculations, we introduce the following integral values of the sought displacements
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1 ch 1 ch 3 rh 3 rh
Uy :ﬁfo U,dz,w :Zfo Udz, :Ffo Upzdz,V :EIO Uyzdz.(8)

where u; are the axial displacements, ), are the shear angles of transverse fibers,
transverse deflection w and parameter of thickness reduction V.

Substituting (77) into (8) we will have for the unknown coefficients in (77) the
following expressions

h? h3 h2
AI=4u1—2hl/J1+?CI+?DI a:4'W_2hV+?0
6 9h? _ 6 )
BI:4¢I_ZuI_hC1_HDI b—4‘V_EW_h0
So, the displacements components can be represented as follows
3 1 3h?
UI = 4‘ <1 - E(%)) u, + 2(22 - h)ll)l - Eq)l(Z)CI - ?q)z(Z)DI

s/ . 9)
U, =4 (1 - E(E)> W+ 2(2z — h)V = 3@, ()8
where ®,(z) = — (h?z —2hz + 222) , D,(2) =— (g—% +§ihz), at the same time the

following relations are met:
foh ®,(z)dz = 0, foh ®,(2)zdz = 0, (10)
which can be easily checked.

The plate bending is accompanied by the predominance of one of the
components of the displacement vector, namely, the condition U, >> U, is satisfied,
i.e. lateral displacement as compared to the rest.

In this regard, in expressions (1) - (6), the nonlinear terms are usually neglected
for the longitudinal components of the displacement vector U; when plate bending.
The nonlinear components of the U, derivative with respect to the normal z coordinate
are also assumed to be negligibly small.

Then the component of the Lagrange strain tensor will have

&y = %(UI,] + U],I)r &3 = %(U1,3 + U3,1); £33 = Uz3. (11)

The Boundary conditions (5) can be written in the following form with the
substitution in indices 3 => z:

0y = ST forz=0;h (12)

077 =S; — Uz, Si forz = 0;h (13)

The boundary conditions (5) were taken into account in (13). Taking into

account (9), for elastic isotropic plates, the components of the longitudinal stress
tensor will have the following form:

oy = ,1{4 (1 - g(ﬁ)) U + 2022 — Wy — 2 Py (2)Ciok — o Dy (2) Dy + (-2w+
4V + (27 — h)e) + %(4 (1 —%(5)) w+2(2z — h)V — %cbl(z)e)_ (4 (1 —g(i» w +

h h

zZ

222 = WV = 10,()9),_16y; + {4 (1=2(2)) Cury + ) + 222 = (o +3) -

Z

20,2 (1) + C1) = L@y (2)(Dyy + D)) + (4 (1 -2 (Z)) w+2(2z — h)V —

%cpl(z)e)_l (4 (1 -2 (Z)) w+ 22z — h)V — %@1@)9)_]} (14)
The following boundary condition (15)
Oz1 = 2U€z = SIlL (15)

S —————
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is satisfied because

6 R (P29, St
We introduce new notation
+_o— + o
Y, = St hSI uy+ = S1 ;51
then for z = 0; h, we obtain the following
— +
CI=YL_5L_E 1+ lp1+ WI 2V’1+%9'1
2u 2hu 12 (15)
Dy =25 (4 Sy~ —wy — 20,
1= 32\, Trt 1 — Wy o i

Taking into account (15), the component of the displacement vector can be
written in the following form

= (- 15(2) 4103 Jur s (-2 02222y,
Y syt 11

5h il h?
__q)l( ) (_ - E + EW’I - 2]/'1 + EH'I) - ch(Z) (f - W'I - ?6'1) (16)

e

U, =4 (1 —;(%))W +2(2z — h)V =3 ®,(2)8

Based on (16) for the normal stress o;;, the following expression can be §
obtained @

Oy = ,1{(——15() +10(§)3)uK,K+(— +1°Z 23‘;f2)¢KK——q>1(z)A(2hw 2V + OF

_9)+d>(z)A(w+ 9) ((4 6())w+2(22—h)V—%CD1(z)9>,K<<4—6(%))W+

+ o=
202z — W)V — %(Dl(z)e> + —(——w AV + (22 — h)H) — 2, (2) (m = z%j) D, (z )Y”}
'K
(17)
The boundary condition (13) with taking into account (17) is satisfied when the
following nonlinear differential equation partial derivatives is fulfilled

ﬁc

@ﬂt

..\ 1 h PRI C ) v ) (1-2)
D(Al 4“&‘) 56 s + 0 + (S + VK +=-8,8y — iy +— Wy _T(Ew_“) —Z3h=0

‘ 6 ) 30 36 . ) I-v (1 2\')
D (Ag _ﬁ}:’_[) + G FUFS -~ Zuw‘gg +A“’ + (T“"g“"x = 24‘“’5""&‘ + 6hw"5'9'g ~ 4h")”xex) = IZGTa ZZ - 0
(18)
where = 2 ¢ =" Aisthe Laplace operator.
12(1+v) ° 2(1+v)’

Gﬂ@baﬂ Sc

hZ

6

Sy < 2w + 2hV; + — 3

2
9i)5i++5" <4w + —2hV; + 2 )Si
Z3 =

h2 2 2
ZZ_ = S; - <_2W'1 + ZhVI + ?9’1) SI+ - SZ_ + (4‘W’I + _ZhVI + ?0'1) SI_

After satisfying the boundary condition (15) with taking into account (14) and
(19), we obtain for tangential stresses
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0, = H{—%ui + 4y, +wli}f(z) +5 (2= 1O+ Y (z——) Y (1-f(2) r7Ie
f)=2(1-3%) (19)

The analytical expressions obtained in the geometric nonlinear form (14)-(19)
for the components of the displacement vector and the Cauchy stress tensor satisfy the
boundary conditions (12)-(13).

The components of the displacement vector (19) and the symmetric stress
tensor depend on the unknown integral quantities u;, y;, w,V, 8 that are the functions
of the coordinates x;, x, and t. For a closed system with respect to these unknown
resolving equations to be obtained, the following integral quantities of the stress tensor

. . . . h

components are introduced into consideration: normal forces N;; = fo 0;jdz, shear
h . . h

forces Q; = [ 0;;dz, inner bending moments M;; = [ g;;zdz.

Substituting the stress tensor components (14)-(19) into the obtained integral
expressions we will have

4
=G [(1 2v){uKK __W+4V+2WKWK +_VKVK & 300 Ok O« —ZhWKVK}SU
MI] D[(l 2V ){ 1/)KK + V+46+ WKWK+20hVKVK+ HKBK

2h
8W'KVK - ?W'KH'K + 1_511'1(9'1(} 61] + 2(7./)]] + l/)] 1) + EW'IW'] + hV[V] + 59'19'1 +

2
20W’IV] + ZOW']VI - %W'Ie'] - %W}g + Vlej 15 VJH’I:I(21)

QI = sz {—%u, + 41/)1 + W'I - 56’1} + EY'I ,k2 = 5(22)
The linearized record of normal forces, inner bending moments and shearing forces
(20), (21), (22) will have the form

Ny G[(1 - ){uKK W+4V}6,]+u,]+u],,] (23)
My =D [(1 21/){ Vi ~ Wt V * 49} 81y +2(y,y + l/)],1)] (24)

Q= {—Hu1+41/)1+W'1—59'1}+gYI+, k? :Z (25)

It should be noted that the so-called shear coefficient k? is determined as a
consequence of the boundary condition fulfillment for tangential stresses. In the
improved elasticity theories of the Timoshenko type [13,14,15,16,17], the special
experiments are carried out to determine this coefficient that is almost 5/6.

To obtain the equations of motion with taking into account the deformation of
thick slabs or flexible plates and usually based on the d'Alembert principle for the
elementary object under consideration, the equations of motion will be constructed by
the method of projection of all outer and inner forces onto the coordinate ones, in each
case separately. But in this case, the connection with the three-dimensional equations
of motion in the theory of elasticity is lost. And these equations are the most accurate
for slabs. Therefore, for the equations of motion to be obtained for elastic plates, we
perform the integration procedure (1) taking into account (14) with respect to z within
the range [0; h]:
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N[}_] +pr— mi; =0

My, —Q+m —Sm, =0
gy~ Q@ +m 3 ¥y (26)
6 h® + = »
T

where p, = St — S + foh X,dz, m; = hS;" + foh X,dz, are the distributed outer forces
and moments; m = ph is the running weight. Here, the volume force X; is neglected,
and the density p along the thickness is considered to be constant.

It should be stressed here that in the resulting system of equations of motion
(26), the first two equations do not formally differ in appearance from the improved
equations of S.P. Tymoshenko [13]. In this case, the equations of motion (26) with
taking into account (18) become closed with respect to the following integral
quantities: u;, Y, w,V, 6.

At the plate edges there are usually three types of fastening that in terms of
stresses and displacements can be written as [18]

Ha Top1iax miacTiH 06bIYHO UMEIOT MECTO TPH THUIIA 3aKPEIIEHUsI, KOTOPhIE B
TEPMUHAX HAMPSI?KEHUH U IIepeMeIeHUi MOKHO 3amucarth B Buje [18]

I a,]n]|£ =0, Uyly =0 -knuckle joint

II. Uil =0, Uz|ls; = 0 - hard pinching (27)

III. O'UTL]|£ = 0, O-lez' = O-fI‘ee edge

The above boundary conditions, in terms of integral quantities, are written in
the following form, respectively, [19,20]

I N,]n]|E=O,M,]n]|E=0,WIE=O,V|E=0,0|£=0

II. wly =0,y =0,wly=0,V[;=0,0|y=0 (28)

ar. Nyn|, =0,Mymy| =0,Qmnls=0,Vynls =06,z =0

In the boundary conditions obtained for the first two types, there is no normal
displacement at the edges of the slab; therefore, for V, 8 the basic boundary conditions
are satisfied; for the third type it is assumed in (28) that there is no gradient for
compression along the free slab edges. It should be noted that the typical boundary
conditions are formulated here. Other types of boundary conditions can be obtained
either by a linear combination of the above conditions or formulated in each case
separately. The initial conditions (2) with taking into account (16) can be written in a
similar way in terms of integral quantities.

Neglecting the nonlinear terms in expressions (1)-(19), we will have a linear
theory of slabs for which a system of the resolving equations will be as follows

1 2v 6 o
G [All, +(1_—M‘UK'K, _m(;W‘] = 4V1)] + p[ T mu, — 0
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1 w (9 6 6 h2 B R
2D [Alpl + a-2v) ‘/)K,I\’I — (1-2v) (F‘W] _;V] = 61)] + sz {;’U-I = 41!)1 — Wy +561} + gyl+ +my; "?"llpl =0

L6k (= 2w+ + 0 (w—20)) + (G¥), +8i —sz —miw=0

26 (u“ +2aw -2 (2w - 4V)) -0 (W --¥a) =223

v 4v

© y+) 4126100 =
“Y“)+1ZG 9

2

3(1-2v)
v

(6 (Bt — 20 +aw) - D (26 - 7

(29)
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Hereinafter, we assume that only the transverse surface load acts S; = q(xy, x5, t),
S; =S¥ = 0,u p; = m; = 0. Then, introducing the potentials u; = w;, ¥, = 1, instead
of (29), we will have the following system of five differential equations in partial
derivatives

1-2v

(G |au— = (2w —4v)] — sl = 0

2D [y — % (G w — 7V — )] + 5y GR* {fu = 4 —w + 20} = T = 0
K2GA{ap —2u+w -0} +q—miv=0 (30)
DAV—%G(A (u+2w) —1;—V(gw—4V)) + 2 gh =0

D46 — 64 (2u— 20 +w) — 126 =29 + X2 g = 0

The system of equations (30) can be further applied as a recurrence relation for
solving the problem of the equilibrium of an inhomogeneous plate with an arbitrary
number of layers.

Conclusions

1. This work is devoted to constructing a modified non-classical theory of plates
without preliminary hypotheses about the distribution of the displacement vector
and strain tensor on the basis of three-dimensional equations of the nonlinear
theory of elasticity.

2. The main difference of this work from the well-known works of the non-classical
theory of elasticity is that a three-dimensional deformable body with a constant
thickness h and surface loads S for z = x; = 0; h has been considered.

3. The proposed approach is applicable to deformation of layered plates and shallow
shells of non-canonical shape. A recurrent relationship has been obtained; it will
be further used in determining the ratios of interlayer variables in layered
composites.
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