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Introduction

Some problems of gas and liquid filtration in a three-layer reservoir are reduced to
solving boundary value problems for systems of degenerate differential equations [1].
Consider a boundary value problem for a system of degenerate differential equations
of the form:

au1
md_( () ) a(x)u+b(x)+ZA.(X)K @)=

m—()E( ()—) a; (2)u; (x,2) +b; (x, 2)

®

InareaQ ={0<x<1,0<z<1}

Here K(x), m(x), A (x), K, (z),m, (z), &, (z) - given functions on the segment[0,1], b, (x, z)
are given functions in Q , and K(x),m(x),a(z),a(x)>K,(0) K;(0)=0, K,(z) and
m, (z) are positive for z > 0.

The boundary conditions have the form
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du
70K(X)& x:O o1 |X_0 By =
du
le(x)a ~ —0{1u|X:l -5, =0
du,
7K (2) 0‘1|u||Z -0 —p; =0 (2)
dz |,_,
if g,(0) <+
u(x) =u,(x1), i =12

If 9,(0) <+, and o,(0) < +wothen the condition for z = 0is replaced by the condition
U, (%, 2)],_| < +o0, T=1,2.

Here
7n+a, #0 k=01 y,+a, 20, 1=12

Im(é‘)dé
d
6:(2) = jKé) 7@ =[P

To prove the existence of a solution to the considered boundary value problem, we
need the following:
Lemma 1.1. Let K,(z), m(z), &(z)€[0]] , a(z)>a, >0, K,(0)=0 and m,(z) be

positive . Then [0,1] there is a unique continuous solution of the equation on the

1( ) dz d—( (z )—) a,(2)V, (2), i =12 satisfying one of the initial conditions:

Vi|z:o:h1’Ki(Z)d_Zi::“i . If g;(0)<+0 (4). If g,(0)<+0 , a o,(0)<+w then

dn

interval

Vi|Z:0 =h,, i=12. Here are y;,h, (i=12)some constants.

Proof. Consider the case g, (0) <+
It is easy to see that problems (3) , (4) are equivalent to the system of integral equations
£

[ mi@a )V, ()dn

4
KGR e o

Using the contraction mapping principle, let us show the unique solvability of the
system of integral equations (5) in the class of two-component vector functions.

<
2 jmi (ma; (7)V; (m)dn

o,(2)=|" dé, =12
R
It is easy to see that the conditions of the lemma ensure the continuity and
monotonicity of the function &,(z). Obviously, &,(0) =0 therefore, it is possible to
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choose &< (0,1) such that &;(5)<1. Let us denote Q, =[0,5] and introduce into

consideration the complete space of two-component continuous vector functions CQ;.

In space, CQ, consider the image

¢
[ mima; (Vi (mdn

de
Aa= h+ﬂle(§) I <@ -

Let us show that A translates CQ; into itself. Let {V,(z),V,(z)} € CQ, then z,,z, e CQ,

the estimate
Z.f s
7 Kl (5)

o
Due to the continuity of the functions &,and the convergence of the integralsj

dz
o Ki(2)

|AVi (22) - AVi (Zi )| < Hi + miax[\/i (22) _Vi (Zl)| '|Ei (Zz) - Ei (Zl)|

fromz, — z,follows AV, (z,) = AV,(z,)i.e.{AV,(2), AV, (2)} e C(Q,)
Similarly, we have
AV, (2) - AV, (2)| < maxv, (2) -V, (2)[5, (5)

From there, by virtue of inequalities &,(d) <1, the contraction of the mapping A
follows. From here, by virtue of the Banach fixed point theorem, it follows that the
system of equations (5) has a unique solution in the space CQ;. Due to the linearity of
the equations and the fact that the coefficients of problem (3), (4) do not have [0,]]

singularities on the segment, this solution can be extended continuously to the
segment.

The case is considered similarly g,(0) <+, 0,(0) <+ . In this case, the relation

limK, (z)— =

z—>0

The Vahdlty of which is easy to obtain from the requirement that the solution be
bounded V, (z).

Lemma 2. Let the conditions of Lemma 1 be satisfied, moreover,
a(x), b(x), A (x), K(x),m(x) e C[0,1], b, (x,z) € C(Q). Then there is a unique solution of
the system of equations (1) that satisfies conditions (2) and is continuous together with

the derivatives di K(X) —)b(O 1) And N (K (2) —)

m;(2) o,
In area Q this solution can be constructed using the differential sweep method.
Proof. Let's build functions

a,(2) = W( Sy I m; (£, (E)V, (£)d¢ (6)
1 ﬂll
Pix2) = s s j m, ()b, (x, £)V; (£)d&), (7)

Where is V, (2) the solution of problem (3), (4), where
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=20 h =1 i=12

Y1
From (3), (4) we easily obtain

dv.
K@= j (92, (EV,(©)de ®)

yll

Comparing (6) and (8), we obtain the relation

a;(2) :?Z)dz 9)

Ras c look functions

0=l I[a(i)+ZA(§)ai(1)ﬂm(§)V(§)d§

P-4 05 o {b((f) + Z A(E)a - (1)ﬂm(§)v (&)de
WhereV (x) s_olutlon of the Cauchy problem

o ko ®)- {a(xn;mx)aia) ()

v =1 Kl % 12)
dX[,.o 7o
It is easy to prove that problem (12) has a continuous monotone unique solution, since

a,(1) > 0. Itis easy from (10) , (12) to obtain the relation

K(x)(;V
a(X) = TX)X (13)

Let us now construct the functionsu(x) And u, (X, z) using formulas
V() BENVQ

Ut =gy O - [ L= K590

Vi(x) BNV 4
02 = ey 0 LA
Whereu(x,1) = u(x)
B +rnpQ)

(16)

o +ya(l)
Let us now show the continuity u(x,1) and u(x)

dé) (15)

u() =

From Lemma 1 it follows that V,(z) does not decrease on the interval [0,1] and
therefore , then from (6), (7) it follows that the functions V,(z) >1and f,(x,z) S,(x,z)
are continuous «,(z) a;(z)for z>0, from (14) it follows that u(x) is continuous for
x €[0,1]. Then it follows from (15) that is u, (X, z) continuous in the domain (0,1] x (0,1].
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To u;(X,z) be continuous in the domain Q , it suffices to prove the uniform

convergence of the integral

1 A (X,
I Bi(x,$) dé (17)
O K SV ()

In the case under consideration, the uniform convergence of the integral (17) is
obvious (because g;(0) < +), hence u; (X, z) it is continuous in the region Q

Applying the maximum principle, we obtain the uniform estimate

{u(x);u; (x,2)} < max |a(x)|; max| ()|

[b0)[ 2 |y (x,2)]
Numerical solution of nonlinear filtering problems using the method of straight lines
in a variable t the original problem is replaced by a differential-difference problem. To
solve the differential-difference problem, an iteration method is proposed, as a result
we get a system of ordinary differential equations. It was possible to obtain
modernized versions of the differential sweep method in relation to the problems
under consideration.
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