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This paper is devoted to the study of the ill-posed initial-boundary value
problem for a system of parabolic equations with varying direction of time.

Inthe domain Q= {—1 <x<1 x#0,0<t< T} we consider the system of
equations

u, +sgnxu, +au+bv=>0
{vt +sgnxv,, +a,u+byv=0 @
where a,,a,,b,,b, - given real numbers, (& —a, )2 +4bb, >0, b #0,i=12.
Statement of problem. Find a pair of functions (u (X, t ) , V( X,t)) that

satisfies the system of equations (1) and the following conditions:
the initial

u|t=0:(0(x)’ V|t=o:W(X)’_1SXS1’ (2)
boundary
u|x=—1 = u|x=1 = 0’V|x=—1 = V|x=1 = 0’ 0<t<T (3)
and gluing conditions
u|x=—0 = u|x=+0 ! uX|x=—0 = l'IX|X=+0 !

(4)

V|x=—0 = V|x=+0 ! VX |x=—0 = VX|X=+O )
Based on the theory of A.N. Tikhonov, the existence of a solution to this type of
problem is assumed, and the main task is to prove the uniqueness and conditional
stability of the solution.
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In this paper, the problem (1)-(4) is studied for conditional stability in the set
of correctness. In this case, an a priori estimate for the solution of the problem (1)-(4)
is obtained by the method of logarithmic convexity, and the theorems of uniqueness
and conditional stability in the set of correctness are proved.

We make the following substitution for the problem (1)-(4):

a+4,

me%(x,t) b BEA gnyy ),

bz (/11 - ﬂz)
v(x,t) =

_ _
L (/11_/12) (/’l’l_ﬂ’Z)

where 4,4, are the real roots of the quadratic equation A°+(a,+a,)A+aa, —bb, =0.

u(x,t) =
(5)

e w(X,t) + e’'n(x,t),

As a result, we come to the following problems depending on the functions @(X,t) and

n(X,t), respectively.

Problem 1. Find a function @o(x,t) in the domain €, that satisfies the
equation

o, +sgn(X)o,, =0 )
and next the conditions

a)|t=o =p(x), -1<x<1, )

o, =0 =0 0<t<T, )

a)|x=70 = a)|X:+o ’ a)x|x:,0 = a)X|x:+0 , 0<t< T, (9)

where ¢(x) = (a +4)y (x) -b,p(x).
Problem 2. Find a function 7(X,t) in the domain €2, that satisfies the
equation
17, +sgn(x)rn,, =0
and next the conditions
1|, =7 (x),-1<x<1,
n,_,=nl,, =0 0<t<T,

77|x:—0 - 77|x:+0 ! nx|x:—0 - 77X|x:+0 ! 0<t< T’
where y(X) =b,p(X) — (8, + 4,)w (X).
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1
Suppose ||u||2 = (u, u), where the dot product is (u,v) = Ju -vdx.
-1
Lemma 1. We assume a pair of functions (u(x,t),v(x,t)) satisfies the system of
equations (1) and conditions (2)-(4) in the domain Q, then
lu] < 2(|A |5t 4) +| A5t 4)). V] <2|Al(S(t 4) +5(t4,)) (10)

inequalities are valid, here

S —————
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_t t
5(6.2) = (Ja, + Al 0O+ o o O T ([, + 2/ 06 T+ oy, x D)
Proof. For the solution of the problem 1, we consider the function

1
f(t) = [ f (x)dx.
-1
We find the first and second derivatives of the function f(t):

XXt

1 1 1
£(t) = 2] o,m,0x = -2 [ w,edx = 2 sgn(x)wldx,
-1 -1 -1

1 1 1
£7(t) = 4] sgn(X) 0,0, 0% = 4| 00, dx = 4] .
-1 -1 -1

Integration by parts, boundary conditions (8) and equation (6) were used to derive
these equations.

Now we introduce the function g(t) = In( f (t)). Then, based on the Cauchy—
Bunyakovsky inequality we get

4
ey TOT'O-(F'M) 4
g (t) - 2 - 2
f2(t) (1)
So, using properties of g"(t) >0 and logarithmic convex function, we generate the
estimate

jf (X, t)dx - j. w>dx — [2} a)xa)xthJ
0 ] >0

t

T

.l[ o’ (x,t)dx < U. o’ (X, O)dxj N U o’ (x,T)dx]

or

1L

0, (0] < |, (X O T oo, (%, T - (1)

(The proof of inequality (11) is based on the book [1]).

Similarly for the solution of the problem 2 we have

[, D] < [ 6 O [, (T - (12)
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We enter notations: A=%. A, =%' A = (%iﬂz)

on the equality (5), we will give confirmations
Ju (O] <[ Ale™ o, ()] +[ A& [, (x,1)
v, O <[ Asle™ fleo, (x, 1) +[ Asfe™ [, (%, 1)
w=e"((a,+4)v-bu), 9=e"(bu—(a+4)v).

S —————
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From these, from inequalities (11) and (12), we get estimates

v OO+ 0l 01T (Jas + Al T+ foglu, (e TH)T +

L

' OOl 182l O™ ([, + & v 0T [ T

Ju, O] <] Al(la, + 4|
A (2, + 4|

v, O < ]+ Al OOl + [ OO (12, + A, T+ Il TH)T +

t
Al ([, + 22|y Ol + el QN (Ja + oI, 06 T+ by flu 0T
Based on the boundary conditions (3) and the fact that the inequalities
lux.t)]| < 2|u (x,t)], [v(x,t)] < 2|v,(x,t)| are reasonable, the required inequality (10)
arises.

We enter the set of correctness of the problem (1)-(4) in the form
M ={(u(x,t),v(x,t)) :u, T+ v, (X, T)| < m, m < oo} (13)

Theorem 1. Let the solution of the problem (1)-(4) exit and (u , V) € M . Then
it is unique.

Proof. Let the pairs of functions (ul(X,t),Vl(X,t)) and (uz(x,t),VZ(X,t)) be
the solutions of the problem (1)-(4). We denote U =U, —U,, V=V, —V,. Then the pair
of functions (u : V) satisfies the system of equations

u, +sgnxu, +au+bv=0,
{vt +sgnxv,, +a,u+b,v=0
with conditions
ul_,=0,v]_, =0, -1<x<1,
u|t=—1 - u|t=1 - O’ V|t:—1 - V|t=1 - O’ O<t<T ’

u|x:70 - u|x:+0 ! uX|x:—0 X|x:+0 !

V|x:—0 - V|x:+0 » Vy |x:—0 - VX|X:+O !
Based on the initial condition and the result (10) of Lemma 1, we have
lu(x,t)] <0, |v(x,t)|<O0.

From that we have u(x,t)=0,v(x,t)=0 for V(x,t)eQ . This shows that
u, (x,t) =u,(x,t), v, (x,t) =V, (X,t) . So, the solution of the problem (1)-(4) is unique.

We assume that the solution of the problem (1)-(4) for the @(X), y(X) initial
exact data is (U(X,t), v(X, t)) , the solution of the problem (1)-(4) for the ¢,_(X),y, (X)
approximate data is (ug (x,t),v_(X, t)) :

0<t<T,
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Theorem 2. Let the solution of the problem (1)-(4) exist,
(u(x,t),v(x,1)),(u,(x,t),v,(x,t)) e M and lo'(x) -l (x)|< e ,

||u—u£||s2|A1|5g(t,ﬂ1,m)+2|A2|§E(t,12,m),
Iv— (5azﬂm+5azgmn
are valid, here &, (t, A, m) = ((|a1+/1|+|b |)) (2m(|b|+|a1+/11|)))

Proof. We enter notations: U =U—U,, V =V —V_.Then (U,V) satisfies the
system of equations

U, +sgnxU, +aU +bV =0
(14)

V,+sgnxV,, +aU +bV =0

with the initial

Ulo=0-0. Vio=v-v, (15)
and (3), (4) conditions. For the problem (14), (15) we perform the following
calculations based on inequality (10):

H(alw)(w'(x)—w;(x))—bz<¢'<x> ()] =
) (x)]+[b ()co()||se(|b2|+|a1+ﬂll)

Ib: (o wg( )~ (2 +22) (v (x )—W;(x))ug

<|b2|H — ()| + )=w (9 < (b +[a + 4]).
Now, taking into account the conditions (u(X,t),V(X,t)),(ug (X,t),vg(X,t)) eM, we
have inequalities
8 + AV 0T+ oy JU, (6 T <
|, + AV, (% T) =V, 6T by Jlu (6, T) =, (6T < 2m ([, |+ b, + 4,4,
Aol G T o, O T < 2m o+ + 2]
From the above inequalities and the result of Lemma 1, it follows that

WMNMWG%WH%MG%W)WI ),

where &, (t,1,m) = ( (Ja, + 2| +]b, |)) (2m(|b| |a1+/11|))) From here, replacing the
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designations U =U—U_, V =V —V_, we get the required inequalities.
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